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Instructions:  1) All questions carry equal marks. 

                        2) Answer any five full questions. 

 

1. (a) Prove that the hypergeometric function 𝐹2 1(𝑎, 𝑏; 𝑐; 𝑧) satisfies the Gauss equation in the 

region |𝑧| < 1.          

(b) Derive the integral representation for hypergeometric series 𝐹2 1(𝑎, 𝑏; 𝑐; 𝑧) and hence deduce 

Gauss summation formula.   

      (7+7) 

2. (a) State and prove Pfaff-Kummer summation formula. 

           (b) State and prove 𝑞-binomial theorem. 

                                                                                                                                                                         (7+7)   

3. (a) State and prove Heine’s transformation formula.       

(b) Prove that 𝜑2 1(𝑎, 𝑏; 𝑐; 𝑞, 𝑧) =
(𝑎𝑧;𝑞)∞
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𝑏
;𝑞)

𝑛

(𝑞,𝑐,𝑎𝑧;𝑞)𝑛
(−𝑏𝑧)𝑛𝑞

(
𝑛
2

)∞
𝑛=0 .   

                                                                                                                                                   (7+7) 

4. State and prove Ramanujan’s 𝜓1 1 summation formula and hence deduce Jacobi’s triple product 

identity.                                                 (14) 

   

5. Prove the following. 

(i) 𝜑(𝑞) + 𝜑(−𝑞) = 2𝜑(𝑞4)       

(ii) 𝜑(𝑞) − 𝜑(−𝑞) = 4𝑞 𝜓(𝑞8)       

(iii) 𝜑(𝑞)𝜑(−𝑞) = 𝜑2(−𝑞2)       

(iv) 𝜓(𝑞)𝜓(−𝑞) = 𝜓(𝑞2)𝜑(−𝑞2)      

(v) 𝜑2(𝑞) + 𝜑2(−𝑞) = 2𝜑2(𝑞2)       

(vi) 𝜑2(𝑞) − 𝜑2(−𝑞) = 8𝑞𝜓2(𝑞4)     

                                                                                                         (14) 

6. Prove the following. 

(i) 𝑓(𝑎, 𝑏) + 𝑓(−𝑎, −𝑏) = 2𝑓(𝑎3𝑏, 𝑎𝑏3)     

(ii) 𝑓(𝑎, 𝑏) − 𝑓(−𝑎, −𝑏) = 2𝑎𝑓 (
𝑏

𝑎
,

𝑎

𝑏
𝑎4𝑏4)     

(iii) 𝑓2(𝑎, 𝑏) + 𝑓2(−𝑎, −𝑏) = 2𝑓(𝑎2, 𝑏2)𝜑(𝑎𝑏)     

(iv) 𝑓2(𝑎, 𝑏) − 𝑓2(−𝑎, −𝑏) = 4𝑎𝑓 (
𝑏

𝑎
,

𝑎

𝑏
𝑎2𝑏2) 𝜓(𝑎2𝑏2)                              (14) 
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7. (a) Define partition function 𝑝(𝑛). Derive the generating function for 𝑝(𝑛).  

(b) Prove the following: 

(i) (1 + 𝑥)(1 + 𝑥3)(1 + 𝑥5) ⋯ = ∑
𝑥𝑛2

(𝑥2;𝑥2)𝑛

∞
𝑛=0  

(ii) (1 + 𝑥2)(1 + 𝑥4)(1 + 𝑥6) ⋯ = ∑
𝑥𝑛(𝑛+1)

(𝑥2;𝑥2)𝑛

∞
𝑛=0  .  

                                                                                                                  (7+7) 

8. State and prove Rogers-Ramanujan identities.                                      (14) 

 

 

***** 


